Abstract: This note exhibits a Banach-space operator such that neither the range nor the kernel is complemented both for the operator and its adjoint.
Introduction
By a subspace we mean a closed linear manifold of a normed space. Every linear manifold of a normed space has an algebraic complement which is a linear manifold not necessarily closed. A subspace is complemented if it has a subspace as an algebraic complement. Every subspace of a Hilbert space is complemented. This is not the case in a Banach space. Banach-space operators with complemented range and kernel play a crucial role in many aspects of operator theory, especially in Fredholm theory, being the main feature behind the di erence between Hilbert-space and Banach-space approaches for dealing with Fredholm operators [1, 2] .
It is known that compact perturbations of left or right semi-Fredholm (in particular, of invertible) operators, as well as continuous projections, acting on an arbitrary Banach space have complemented kernel and complemented closed range, and also that the class of all operators with complemented kernel and complemented closure of range is algebraically and topologically large. This is summarized in Lemma 3.2. The main result of this note exhibits a Banach-space operator whose closed range and kernel are not complemented, both for the operator itself as well as for its normed-space adjoint -Theorem 4.1.
The paper is organized as follows. Section 2 deals with notation and terminology, including the concepts of upper-lower and left-right semi-Fredholmness. Section 
Notation and Terminology
Our notation and terminology are quite standard. Throughout the paper X will stand for a normed space (or a Banach space, when completeness is necessary). A closed linear manifold of X (closed in the norm topology of X) will be referred to as a subspace of X. Let M − denote the closure of a linear manifold M of X, which is a subspace of X, and let B[X] denote the normed algebra of all operators on X; that is, of all bounded linear (i.e., continuous linear) transformations of X into itself. For any operator T ∈ B[X], let N(T) = T − ({ }) denote its kernel, which is a subspace (i.e., a closed linear manifold) of X, and let R(T) = T(X) denote its range, which is a linear manifold of X. For every linear manifold M of any normed space X there exists another linear manifold N such that X = M + N and M ∩ N = { }, where N and M are referred to as algebraic complements of each other. The codimension of M is the (invariant) dimension of any algebraic complement of it: codim M = dim N. A subspace M of a normed space X is complemented if it has a subspace as an algebraic complement. In other words, a closed linear manifold M of a normed space X is complemented if there is a closed linear manifold N of X such that M and N are algebraic complements (i.e., such that M + N = X and M ∩ N = { }). In this case M and N are complementary subspaces. Equivalently, a subspace is complemented if and only if it is the range of a continuous projection (see e.g. [1, Remark 1.1]). A normed space is complemented if every subspace of it is complemented. If a Banach space is complemented, then it is isomorphic (i.e., topologically isomorphic) to a Hilbert space [3] (see also [4] ). Thus complemented Banach spaces are identi ed with Hilbert spaces -only Hilbert spaces (up to an isomorphism) are complemented. However, an uncomplemented subspace of an uncomplemented Banach space may be isomorphic to a Hilbert space [5] . For a thorough presentation of results along this line see [6] . . Let X be a Banach space and consider the following classes of operators on X.
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For a collection of relations among Φ+[X], Φ−[X], F [X], and
Left and upper, as well as right and lower, semi-Fredholm operators are linked by range and kernel complementation, respectively, as follows.
Proposition 2.1. Let X be a Banach space.
is a complemented subspace of X .
Proof. [7, Theorems 16.14, 16.15 
That is, T ∈ F [X] if and only if T ∈ Φ+[X] and R(T) (which is closed by De nition 2.1 so that R(T) = R(T) − ) is complemented, and T ∈ Fr[X] if and only if T ∈ Φ−[X] and N(T) is complemented.

Range-Kernel Complementation
We will be dealing with operators for which closure of range and kernel are either both complemented or both uncomplemented. We begin by describing these two classes of operators. Let X be a normed space and set 
be an arbitrary class of operators such that the collection of operators with complemented closure of range coincides with the collection of operators with complemented kernel. That is, let T[X] be a class of operators for which 
Equivalently, T[X] is any class of operators from B[X] such that
− is complemented if and only if N(T) is complemented .
Proof. Observe: 
lies in Θ(B[X]), the above statement holds true. Equivalently,
, and so
The following proposition is required for proving the next lemma. Let X be a Banach space and consider the following classes of operators. 
Lemma 3.2. Let X be a Banach space. The above classes of operators from B[X]
share the following properties.
is a re exive Banach space with a Schauder basis, then K[X] ⊆ Γ[X],
Proof. By Proposition 3.1, (iv) and (v), and (vi) and (vii), are equivalent:
, it follows by Proposition 2.1 that
trivially. Thus we get (a):
and so all classes in (ii) to (viii) lie in Γ [X] . In fact, since the null operator O ∈ B[X] is compact, the above chain of inclusions trivially ensures On the other hand let M, N and M ⊕ N be in nite-dimensional Banach spaces. If
On the other hand, since the null operator O ∈ K[X] is not in SF[X], that chain of inclusions does not imply K[X] ⊆ Γ[X]. But such an inclusion holds if
with R(E) = M ⊕ { } and N(E) = { } ⊕ N (and so they are complemented in M ⊕ N). Since dim N = ∞, we get dim N(E) = ∞ and codim R(E) = ∞, and hence E ∉ SF[X] (cf. De nitions 2.1 and 2.2, and Proposition 2.1). The restriction E| M⊕{ } is isometrically isomorphic to the identity operator I on M (i.e., E| M⊕{ } ∼ = I : M → M). Since dim M = ∞, the identity on the in nite-dimensional space M is not compact, and so E| M⊕{ } is not compact, which implies that E ∉ K[X]. Hence, 
(a ) If R(T)
− is complemented, then N(T * ) is complemented:
(a ) If X is re exive and N(T * ) is complemented, then R(T) − is complemented:
(b ) If X is re exive and R(T * ) − is complemented, then N(T) is complemented:
Proof. [2, Theorem 3.1]
Corollary 3.1. Let X is a Banach space and take T ∈ B[X]
.
and X is a re exive Banach space with a Schauder basis, then 
Proof. Part 1. Let O denote the null operator on X (or its restriction to Y or to Z). Suppose the subspace M is complemented in the Banach space X. Then there exists a continuous projection P : X → X with R(P) = P(X) = M (see e.g. [14, Problem 4.35 
the restrictions of P to the normed spaces Y and Z, respectively. These are continuous projections both with range equal to M. Indeed, P Y is continuous (since it is the restriction of a continuous function P on the normed space X to the normed space Y ⊆ X), and R( Since Y and Z are subspaces of the Banach space X, they are Banach spaces, and so the same argument that shows that (a) implies (a ,a ) also shows that Moreover, since X is re exive, Proposition 3.2(a ,b ) thus ensures that both N(T * ) and R(T * ) − = R(T * ) are not complemented, which means T * ∈ ∆[X * ].
